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1. Introduction 
“A physicist needs his equations should be mathematically sound and that in working with 
his equations he should not neglect quantities unless they are small” 
P.A. M. Dirac 
Classical electrodynamics is nowadays considered (29; 57; 80) the most fundamental physical 
theory, largely owing to the depth of its theoretical foundations and wealth of experimental 
verifications. Electrodynamics is essentially characterized by its Lorentz invariance from a 
theoretical perspective, and this very important property has had a revolutionary influence 
(29; 57; 73; 80; 110) on the whole development of physics. In spite of the breadth and 
depth of theoretical understanding of electromagnetism, there remain several fundamental 
open problems and gaps in comprehension related to the true physical nature of Maxwell’s 
theory when it comes to describing electromagnetic waves as quantum photons in a vacuum: 
These start with the difficulties in constructing a successful Lagrangian approach to classical 
electrodynamics that is free of the Dirac-Fock-Podolsky inconsistency (53; 110; 111), and end 
with the problem of devising its true quantization theory without such artificial constructions 
as a Fock space with “indefinite” metrics, the Lorentz condition on “average”, and 
regularized “infinities” (73) of S-matrices. Moreover, there are the related problems 
of obtaining a complete description of the structure of a vacuum medium carrying the 
electromagnetic waves and deriving a theoretically and physically valid Lorentz force 
expression for a moving charged point particle interacting with and external electromagnetic 
field. To describe the essence of these problems, let us begin with the classical Lorentz force 
expression 
F:= eE+eu×B, (1.1) 
where e ∈ R is a particle electric charge, u ∈ T(R3) is its velocity vector, expressed here in 
the light speed c units, 
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E:=-dA/dt-Vę (1.2) 
is the corresponding external electric field and 
В := V x A (1.3) 
is the corresponding external magnetic field, acting on the charged particle, expressed in 
terms of suitable vector A : M4 ->■ E3 and scalar ę : M4 ->■ R potentials. Here “V” is the 
standard gradient operator with respect to the spatial variable r Є E3, “ x ” is the usual vector 
product in three-dimensional Euclidean vector space E3, which is naturally endowed with 
the classical scalar product < •, • >. These potentials are defined on the Minkowski space 
M4 ~ R x E3, which models a chosen laboratory reference frame /C. Now, it is a well-known 
fact (56; 57; 70; 80) that the force expression (1.1) does not take into account the dual influence 
of the charged particle on the electromagnetic field and should be considered valid only if 
the particle charge e ->■ 0. This also means that expression (1.1) cannot be used for studying 
the interaction between two different moving charged point particles, as was pedagogically 
demonstrated in (57). 
Other questionable inferences, which strongly motivated the analysis in this work, are related 
both to an alternative interpretation of the well-known Lorentz condition, imposed on the 
four-vector of electromagnetic potential (cp,A) Є T*(M4) and the classical Lagrangian 
formulation (57) of charged particle dynamics under an external electromagnetic field. The 
Lagrangian approach is strongly dependent on the important Einsteinian notion of the rest 
reference frame Kr and the related least action principle, so before explaining it in more detail, 
we first analyze the classical Maxwell electromagnetic theory from a strictly dynamical point 
of view. 
2. Relativistic electrodynamics models revisited: Lagrangian and Hamiltonian 
analysis 
2.1 The Maxwell equations revisiting 
Let us consider the additional Lorentz condition 
dcp/dt+< V,A >=0, (1.4) 
imposed a priori on the four-vector of potentials (cp,A) : M4 ->■ R x E3, which satisfy the 
Lorentz invariant wave field equations 
#ę/d2-V2ę = p (1.5) 
and 
d2A/dt2 - V2A = ) , (1.6) 
where p : M4 ->■ R and / : M4 ->■ E3 are, respectively, the charge and current densities of the 
ambient charged matter, which satisfy the charge continuity equation 
dp/dt+< VJ>=0. (1.7) 
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Based on equations (1.4), (1.5) and (1.7) one easily derives the classical electromagnetic 
Maxwell field equations (56; 57; 70; 80) 
V x £ + 9B/9£ = 0, < V , £ > = p , V x B - 9 £ / 9 £ = /, <V,B>=0, 
for all (t, r) Є M4 with respect to the chosen reference frame /C. 
Notice here that Maxwell’s equations (1.8) do not directly reduce, via definitions (1.2) and 
(1.3), to the wave field equations (1.5) without the Lorentz condition (1.4). This fact is very 
important, and suggests that when it comes to a choice of governing equations, it may be 
reasonable to replace Maxwell’s equations (1.8) and (1.7) with the Lorentz condition (1.4), 
(1.5) and the continuity equation (1.7). From the assumptions formulated above, one infers 
the following result. 
Proposition 2.1. The Lorentz invariant wave equation (1.5) for the electric potential cp : M4 ->■ R 
together with the Lorentz condition (1.4) and the charge continuity relationship (1.7) are completely 
equivalent to the Maxwell field equations (1.8). 
Proof. First of all it is easy to observe that equation (1.6) follows from (1.5) and (1.7). 
Substituting (1.4), into (1.5), one easily obtains 
d2cp/dt2 = - < V,dA/dt >=< V, V<p > +p, (1.8) 
which implies the gradient expression 
< V,-dA/dt- Vcp>=p. (1.9) 
Taking into account the electric field definition (1.2), expression (1.9) reduces to 
<V,£>=p, (1.10) 
which is the second of the first pair of Maxwell’s equations (1.8). Now upon applying V x to 
definition (1.2), we find, owing to definition (1.3), that 
V x £ + 9B/9£ = 0, (1.11) 
which is the first of the first pair of the Maxwell equations (1.8). Applying V x to the definition 
(1.3), one obtains 
V x B = V x ( V x ^ ) = V < V,A > -V2A = 
= -V(dę/dt) - d2A/dt2 + (d2A/dt2 - V2A) = 
= ^(-S7ę-dA/dt) + J = dE/dt + J, (1.12) 
leading to 
V x B = 9£/9f + /, 
which is the first of the second pair of the Maxwell equations (1.8). The final “no magnetic 
charge” equation 
< V , B > = < V , V x A >=0, 
in (1.8) follows directly from the elementary identity < V, V x >= 0, thereby completing the 
proof. □ 
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This proposition allows us to consider the electromagnetic potential vector-function (ę,A)e 
T* (M4) as a fundamental ingredient of the ambient vacuum field medium, by means of which 
we can try to describe the related physical behavior of charged point particles imbedded in 
space-time M4. The following observation provides strong support for this approach: 
Observation. The Lorentz condition (1.4) actually means that the scalar potential field ę : M4 ->■ R 
continuity relationship, whose origin lies in some new field conservation law, characterizes the deep 
intrinsic structure of the vacuum field medium. 
To make this observation more transparent and precise, let us recall the definition (56; 57; 70; 
80) of the electric current J : M4 ->■ E3 in the dynamical form 
J := pv, (1.13) 
where the vector v : M4 ->■ E3 is the corresponding charge velocity. Thus, the following 
continuity relationship 
dp/dt+ < V,pv>=0 (1.14) 
holds, which can easily be recast (123) as the integral conservation law 
d / pd 3 r = 0 (1.15) 
dt Jnt 
for the charge inside of any bounded domain Clt С E3 moving in the space-time M4 with 
respect to the natural evolution equation 
dr/dt := v. (1.16) 
Following the above reasoning, we are led to the following result. 
Proposition 2.2. The Lorentz condition (1.4) is equivalent to the integral conservation law 
d I ?d 3 r = 0, (1.17) 
dt Jnt 
where Ot С E3 is any bounded domain moving with respect to the evolution equation 
dr/dt := v, (1.18) 
which represents the velocity vector of local potential field changes propagating in the Minkowski 
space-time M4. 
Proof. Consider first the corresponding solutions to the potential field equations (1.5), taking 
into account condition (1.13). Owing to the results from (57; 70), one finds that 
A = cpv, (1.19) 
which gives rise to the following form of the Lorentz condition (1.4): 
dcp/dt+< V,cpv>=0. (1.20) 
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This obviously can be rewritten (123) as the integral conservation law (1.17), so the proof is 
complete. 
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The above proposition suggests a physically motivated interpretation of electrodynamic 
phenomena in terms of what should naturally be called the vacuum potential field, which 
determines the observable interactions between charged point particles. More precisely, 
we can a priori endow the ambient vacuum medium with a scalar potential field function 
VV := ее : M4 ->■ R, satisfying the governing vacuum field equations 
d2W/dt2 - V2W = p, dW/dt+ < V, Wv >= } , (1.21) 
taking into account that there are external sources besides material particles and possessing 
only a virtual capability for disturbing the vacuum field medium. Moreover, this vacuum 
potential field function VV : M4 ->■ R allows the natural potential energy interpretation, 
whose origin should be assigned not only to the charged interacting medium, but also to any 
other medium possessing interaction capabilities, including for instance, material particles 
interacting through the gravity. 
This leads naturally to the next important step, which consists in deriving the equation 
governing the corresponding potential field VV : M4 ->■ R, assigned to the vacuum field 
medium in a neighborhood of any spatial point moving with velocity и Є T(R3) and located 
at R(t) e E3 at time ( e R . A s can be readily shown (53; 54), the corresponding evolution 
equation governing the related potential field function VV : M4 ->■ R has the form 
| - ( - V V M ) = -VVV, (1.22) 
where W: = W(t,r)\r^m,u :=dR(t)/dt at point particle location (t,R(t)) Є M4. 
Similarly, if there are two interacting point particles, located at points R(t) and Rf(t) Є E3 at 
time t e R and moving, respectively, with velocities и := dR(t)/dt and uf := dRf(t)/dt, the 
corresponding potential field function ¯ : M4 ->■ R for the particle located at point R{t) Є E3 
should satisfy 
4 [ - W ( M - uf)] = -VVV. (1.23) 
The dynamical potential field equations (1.22) and (1.23) appear to have important properties 
and can be used as a means for representing classical electrodynamics. Consequently, we 
shall proceed to investigate their physical properties in more detail and compare them with 
classical results for Lorentz type forces arising in the electrodynamics of moving charged point 
particles in an external electromagnetic field. 
In this investigation, we were strongly inspired by the works (81; 82; 89; 91; 93); especially 
by the interesting studies (87; 88) devoted to solving the classical problem of reconciling 
gravitational and electrodynamical charges within the Mach-Einstein ether paradigm. First, 
we revisit the classical Mach-Einstein relativistic electrodynamics of a moving charged point 
particle, and second, we study the resulting electrodynamic theories associated with our 
vacuum potential field dynamical equations (1.22) and (1.23), making use of the fundamental 
Lagrangian and Hamiltonian formalisms which were specially devised for this in (52; 55). 
The results obtained are used to apply the canonical Dirac quantization procedure to the 
corresponding energy conservation laws associated to the electrodynamic models considered. 
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2.2 Classical relativistic electrodynamics revisited 
The classical relativistic electrodynamics of a freely moving charged point particle in the 
Minkowski space-time M4 := R x E3 is based on the Lagrangian approach (56; 57; 70; 80) 
with Lagrangian function 
£:=-m0(1-\u\2)1/2, (1.24) 
where m0 Є R+ is the so-called particle rest mass and и Є E3 is its spatial velocity in the 
Euclidean space E3, expressed here and in the sequel in light speed units (with light speed c). 
The least action principle in the form 
SS = 0, S:=- f2 m0(1-\u\2)1/2dt (1.25) 
h 
for any fixed temporal interval [t1,t2] С R gives rise to the well-known relativistic 
relationships for the mass of the particle 
т = т0(1-\и\2Г1/2, (1.26) 
the momentum of the particle 
p := mu = 
m0„(1-|„|2)-1/2 (1.27) 
and the energy of the particle 
£0=т = т0(1-\и\2Г1/2. (1.28) 
It follows from (57; 80), that the origin of the Lagrangian (1.24) can be extracted from the action 
h r2 
S:=- fm0(1 - \u\2)1/2dt = - fm0dr, (1.29) 
h T1 
on the suitable temporal interval [т1,Т2] С R, where, by definition, 
dr:=dt(1-\u\2)1/2 (1.30) 
and T Є R is the so-called proper temporal parameter assigned to a freely moving particle 
with respect to the rest reference frame /CT. The action (1.29) is rather questionable from 
the dynamical point of view, since it is physically defined with respect to the rest reference 
frame /CT, giving rise to the constant action S = -m0(r2 - т1), as the limits of integrations 
T1 < т2 Є R were taken to be fixed from the very beginning. Moreover, considering this 
particle to have charge e Є R and be moving in the Minkowski space-time M4 under action 
of an electromagnetic field (cp,A) Є T*{M4), the corresponding classical (relativistic) action 
functional is chosen (see (52; 55-57; 70; 80)) as follows: 
т2 
S:= f[-m0dr + e< A,r > dr - eip(1 - \u\2)-1/2dr], (1.31) 
with respect to the rest reference frame , parameterized by the Euclidean space-time variables 
(т,г) Є E4, where we have denoted f := dr/dr in contrast to the definition и := dr/dt. The 
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action (1.31) can be rewritten with respect to the laboratory reference frame /C moving with 
velocity vector и в T(R3) as 
h 
S = ICdt, С := -m0(1 - \u\2)1/2+e< A,u > -ecp, (1.32) 
h 
on the temporal interval [t1,t2] С R, which gives rise to the following (56; 57; 70; 80) 
dynamical expressions 
P = p + eA, p = mu, m = m0(1-\u\2)-1/2, (1.33) 
for the particle momentum and 
£ = [m20 + \P-eA\2]1/2 + e(p (1.34) 
for the particle energy, where, by definition, P Є T*(R3) is the common momentum of the 
particle and the ambient electromagnetic field at a space-time point (t, r) Є M4. 
The expression (1.34) for the particle energy £0 also appears open to question, since the 
potential energy ecp, entering additively has no affect on the particle mass m = m0(1-
\u\2)-1/2. This was noticed by L. Brillouin (59), who remarked that since the potential energy 
has no affect on the particle mass, this tells us that “... any possibility of existence of a 
particle mass related with an external potential energy, is completely excluded”. Moreover, 
it is necessary to stress here that the least action principle (1.32), formulated with respect to 
the laboratory reference frame /C time parameter t Є R, appears logically inadequate, for 
there is a strong physical inconsistency with other time parameters of the Lorentz equivalent 
reference frames. This was first mentioned by R. Feynman in (29), in his efforts to rewrite the 
Lorentz force expression with respect to the rest reference frame /CT. This and other special 
relativity theory and electrodynamics problems induced many prominent physicists of the 
past (29; 59; 61; 64; 80) and present (4; 5; 60; 65; 66; 68; 69; 81; 82; 87; 89; 90; 93) to try to develop 
alternative relativity theories based on completely different space-time and matter structure 
principles. 
There also is another controversial inference from the action expression (1.32). As one can 
easily show (56; 57; 70; 80), the corresponding dynamical equation for the Lorentz force is 
given as 
dp/dt = F:=eE + euxB. (1.35) 
We have defined here, as before, 
E:=-dA/dt-Vcp (1.36) 
for the corresponding electric field and 
В := V x A (1.37) 
for the related magnetic field, acting on the charged point particle e. The expression (1.35) 
means, in particular, that the Lorentz force F depends linearly on the particle velocity vector 
и в T(R3), and so there is a strong dependence on the reference frame with respect to which 
the charged particle e moves. Attempts to reconcile this and some related controversies (29; 59; 
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60; 63) forced Einstein to devise his special relativity theory and proceed further to creating his 
general relativity theory trying to explain gravity by means of geometrization of space-time 
and matter in the Universe. Here we must mention that the classical Lagrangian function С in 
(1.32) is written in terms of a combination of terms expressed by means of both the Euclidean 
rest reference frame variables (т,г) Є E4 and arbitrarily chosen Minkowski reference frame 
variables (t,r) Є M4. 
These problems were recently analyzed using a completely different “no-geometry” approach 
(6; 53; 54; 60), where new dynamical equations were derived, which were free of the 
controversial elements mentioned above. Moreover, this approach avoided the introduction 
of the well-known Lorentz transformations of the space-time reference frames with respect 
to which the action functional (1.32) is invariant. From this point of view, there are 
interesting conclusions in (83) in which Galilean invariant Lagrangians possessing intrinsic 
Poincaré-Lorentz symmetry are reanalyzed. Next, we revisit the results obtained in (53; 54) 
from the classical Lagrangian and Hamiltonian formalisms (52) in order to shed new light 
on the physical underpinnings of the vacuum field theory approach to the investigation of 
combined electromagnetic and gravitational effects. 
2.3 The vacuum field theory electrodynamics equations: Lagrangian analysis 
2.3.1 A point particle moving in a vacuum - an alternative electrodynamic model 
In the vacuum field theory approach to combining electromagnetism and the gravity devised 
in (53; 54), the main vacuum potential field function VV : M4-> R related to a charged point 
particle e satisfies the dynamical equation (1.21), namely 
| - ( - V V M ) = -VVV (1.38) 
in the case when the external charged particles are at rest, where, as above, и := dr/dt is the 
particle velocity with respect to some reference frame . 
To analyze the dynamical equation (1.38) from the Lagrangian point of view, we write the 
corresponding action functional as 
h r2 
S:=- fWdt=- fW(1+r2)1/2dT, (1.39) 
h ч 
expressed with respect to the rest reference frame /CT. Fixing the proper temporal parameters 
T1 < т2 Є R, one finds from the least action principle (SS = 0) that 
p := дС/df = -Wr(1 + r2y1/2 = -Wu, (1.40) 
p := dp/dr = dC/dr = -V¯ (1 + r2)1/2, 
where, owing to (1.39), the corresponding Lagrangian function is 
£:= - ¯ ( 1 + f 2 ) 1 / 2 . (1.41) 
Recalling now the definition of the particle mass 
m := —W (1.42) 
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and the relationships 
dr = dt(l-\u\2)1/2,rdr = udt, (1.43) 
from (1.40) we easily obtain the dynamical equation (1.38). Moreover, one now readily finds 
that the dynamical mass, defined by means of expression (1.42), is given as 
m = m0(l-u2)-1/2, (1.44) 
which coincides with the equation (1.26) of the preceding section. Now one can formulate the 
following proposition using the above results 
Proposition 2.3. The alternative freely moving point particle electrodynamic model (1.38) allows 
the least action formulation (1.39) with respect to the “rest” reference frame variables, where the 
Lagrangian function is given by expression (1.41). Its electrodynamics is completely equivalent to 
that of a classical relativistic freely moving point particle, described in Section 2. 
2.3.2 An interacting two charges system moving in a vacuum - an alternative vacuum-field 
theory electrodynamic model 
We proceed now to the case when our charged point particle e moves in the space-time with 
velocity vector u в T(R3) and interacts with another external charged point particle, moving 
with velocity vector uf = drf/dt Є T(R3) with respect to a laboratory reference frame /C, 
endowed with the coordinates (t,r) Є M4. As was shown in (53; 54), the corresponding 
dynamical equation for the vacuum potential field function W : M4-> R with respect to the 
moving reference frame /C', endowed with the corresponding coordinates (t',r - rf) Є M4, is 
given as 
dj[-W'(u' - u'f)] = -VW', (1.45) 
where u'f := drf/dt' and the potential function W : M4-> R is Lorentz related (57) with the 
laboratory W : M4-> R potential function as 
W' = W(1-|u|2)1/2- (1-46) 
As the external charged particle moves in the space-time, it generates the related magnetic 
field B := V x A, whose magnetic vector potential A : M4-> E3 is defined, owing to the 
results of (53; 54; 60), as 
eA' := W'u'f. (1.47) 
Whence, it easily follows from (1.40) that the particle momentum p = - Wu equation (1.45) 
reduces to 
dj{p'+eA') = -VW', (1.48) 
if considered with respect to the moving reference frame КУ.ТЬе latter is equivalent, owing to 
the relationships 
dt2 = (dt1)2 + \drf\2, (dt1)2 = dr2 + \dr - drf\2 (1.49) 
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and definitions p' := -Wu' = -Wu = p Є E3, A' = W'u'f = Wu f = A Є E 3 to the 
dynamical equation 
dt(p + eA) = -VW(l-|uf|2) (1.50) 
with respect to the laboratory reference frame /C. To represent the dynamical equation (1.50) 
in the classical Lagrangian formalism, we start from the following action functional, which 
naturally generalizes the functional (1.39): 
S := W(l + |r'-^|2)1/2dT, (1.51) 
where І1 = u'fdt'/dr, dx = dt'(l - \u' - u'f\)2)1/2, which takes into account the relative 
velocity of the charged point particle e with respect to the reference frame /C', moving with 
velocity uf Є T(R3) with respect to the reference frame /C. It is clear in this case that the 
charged point particle e moves with velocity u' - u'f Є T(R3) with respect to the reference 
frame /C' with respect to which the external charged particle is at rest. 
Now we compute the least action variational condition SS = 0 taking into account that, owing 
to (1.51), the corresponding Lagrangian function is given as 
£:= -W'(l + |r'-^|2)1/2. (1.52) 
Hence, the common momentum of the particles is 
P := d£/dr' = -W'(r' - C')(1 + \r' - І,'\2У1/1 = (1-53) 
= _W r (i + \r - t'\2yin + W'f (l + \r' - t'\2rin = 
= m'u'+eA' =p'+eA' = p + eA, 
and the dynamical equation is given as 
d^(p' + eA') = -VW'(1 + \r - r f\2)1/2 (1.54) 
As dt> = dx{\ + \r- r f|2)1/2 and (1 + |r - rf\2)1'2 = (1 - \u> - u'f\2)-1'2, we obtain from 
(1.54) with respect to the reference frame /C' the equation (1.48): 
d (p'+eA') = -VW, (1.55) 
which finally reduces to the dynamical equation (1.50). Thus, the next proposition holds. 
Proposition 2.4. The alternative classical relativistic electrodynamic model (1.45) allows the least 
action formulation (1.51) with respect to the “rest” reference frame variables, where the Lagrangian 
function is given by expression (1.52). 
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2.3.3 A moving charged point particle formulation dual to the classical alternative 
electrodynamic model 
It is easy to see that the action functional (1.51) is written utilizing the classical Galilean 
transformations of reference frames. If we now consider the action functional (1.39) for a 
charged point particle moving with respect the reference frame /CT, and take into account its 
interaction with an external magnetic field generated by the vector potential A : M4 ->■ E3, it 
can be naturally generalized as 
h r2 
S:= f(-Wdt + e<A,dr>) = f (-W(l+r2)1/2 + e < A,r >)dr, (1.56) 
t TI 
wheredT = dt(l-|u|2)1/2. 
Thus, the corresponding common particle-field momentum takes the form 
P:=dC/dr = -Wr(l+r2)-1/2 + eA = (1.57) 
= mu + eA := p + eA, 
and satisfies 
P:=dP/dr = d£/dr = -VW(l+r2)1/2 + eV < A,r >= (1.58) 
= _VW (1 - |u|2)-1/2 + eV < A,u > (1 - u2Г1/2, 
where 
£:= -W(l + r2)1/2 +e< A,r> (1.59) 
is the corresponding Lagrangian function. Since dr = dt(l - \u\2)1/2, one easily finds from 
(1.58) that 
dP/dt = -VW + eV < A,u> . (1.60) 
Upon substituting (1.57) into (1.60) and making use of the well-known (57) identity 
V <a,b>=<a,V>b+ <b,V >a + bx (V x a) + a x (V x b), (1.61) 
where a,b Є E 3 are arbitrary vector functions, we obtain the classical expression for the 
Lorentz force F acting on the moving charged point particle e : 
dp/dt:=F = eE + euxB, (1.62) 
where, by definition, 
E — -e-1 VW-dA/dt (1.63) 
is its associated electric field and 
B := V x A (1.64) 
is the corresponding magnetic field. This result can be summarized as follows: 
Proposition 2.5. The classical relativistic Lorentz force (1.62) allows the least action formulation 
(1.56) with respect to the rest reference frame variables, where the Lagrangian function is given by 
formula (1.59). Nonetheless, its electrodynamics, described by the Lorentz force (1.62), is not equivalent 
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to the classical relativistic moving point particle electrodynamics characterized by the Lorentz force 
(1.35) of Section 2, as the corresponding "inertial" mass relationships m = -W and m = m0(l -
\u\2)-1/2 are strongly different. 
As for the dynamical equation (1.54), it is easy to see that it is equivalent to 
dp/dt = ( - V W - edA/dt + eV < A, u >) - eV < A, u - uf >, (1.65) 
which, owing to (1.60) and (1.62), takes the following Lorentz type force form 
dp/dt = eE + euxB-eV < A,u-uf>, (1.66) 
which can be found in a slightly different form in (53; 54; 60). 
Expressions (1.62) and (1.66) are equal to up to the gradient term Fc := -eV < A, u >, which 
reconciles the Lorentz forces acting on a charged moving particle e with respect to different 
reference frames. This fact is important for our vacuum field theory approach since it uses 
no special geometry and makes it possible to analyze both electromagnetic and gravitational 
fields simultaneously by employing the new definition of the dynamical mass by means of 
expression (1.42). 
2.4 The vacuum field theory electrodynamics equations: Hamiltonian analysis 
Any Lagrangian theory has an equivalent canonical Hamiltonian representation via the 
classical Legendre transformation^; 2; 46; 56; 103). As we have already formulated our 
vacuum field theory of a moving charged particle e in the Lagrangian form, we proceed now 
to its Hamiltonian analysis making use of the action functional (1.39), (1.52) and (1.56). 
Take, first, the Lagrangian function (1.41) and the momentum expression (1.40) for defining 
the corresponding Hamiltonian function 
H : = < p,r > -£.= 
= - < p,p > W_1(1 - |p|2/W2)~1/2 + W(1 - |p|2/W2)~1/2 = 
= -|p|2W_1(l - \p\2/W2)-1/2 + W2W-1^ - \p\2/W2)-1/2 = (1.67) 
= _(W2 - |p|2)(W2 - \p\2)-1'2 = -(W2 - \p\2)1'2. 
Consequently, it is easy to show (1; 2; 56; 103) that the Hamiltonian function (1.67) is a 
conservation law of the dynamical field equation (1.38); that is, for all T , t e R 
dH/dt = 0 = dH/dr, (1.68) 
which naturally leads to an energy interpretation of H. Thus, we can represent the particle 
energy as 
£ = ( W 2 - | p | 2 ) 1 / 2 . (1.69) 
Accordingly the Hamiltonian equivalent to the vacuum field equation (1.38) can be written as 
r := dr/dr = дH/дp = p(W2 - \p\2y1/2 (1.70) 
dp/dr = -dH/dr = WVW(W2 - \p\2y1/2, 
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and we have the following result. 
Proposition 2.6. The alternative freely moving point particle electrodynamic model (1.38) allows the 
canonical Hamiltonian formulation (1.70) with respect to the “rest” reference frame variables, where 
the Hamiltonian function is given by expression (1.67). Its electrodynamics is completely equivalent to 
the classical relativisticfreely moving point particle electrodynamics described in Section 2. 
In an analogous manner, one can now use the Lagrangian (1.52) to construct the Hamiltonian 
function for the dynamical field equation (1.50) describing with respect to the rest reference 
frame Kr the motion of charged particle e in an external electromagnetic field in the canonical 
Hamiltonian form: 
r := dr/dT = дH/дP, P := dP/dr = -дH/дr, (1.71) 
where 
H:=<P,r> -£= (1.72) 
= < Pfr f - PW'-\\ - \P\2/W'2)-1/2 > +W'[W'2(W'2 - \P\2Г1]1/2 = 
= < P,r f > + |P|2(W/2 - \P\2Г1/2 - W'2(W'2 - \P\2Г1/2 = 
= _(W ' 2 - |P|2)(W'2 - |P|2)-1/2+ < P,r f >= 
= _(W ' 2 - |P|2)1/2- <eA,P> (W2 - |P|2Г1/2. 
Here we took into account that, owing to definitions (1.47) and (1.53), 
efA' := W'u'f = W'drf/dt' = Wuf = efA = (1.73) 
= W d d-d dt = Wf{\-\u'-u'f\)l'2 = 
= Wrf{\ + \r-rf\2)-l'2 = 
= -W'r f (W'2 - \P\2)l'2W-1 = -r f (W<2 - IP]2)1/2, 
rf = -efA(W'2-\P\2)-1/2, (1.74) 
where A : M4-> R3 is the related magnetic vector potential generated by the moving external 
charged particle. Equations (1.72), owing to the relationship (1.74), can be rewritten with 
respect to the laboratory reference frame /C in the form 
dr/dt = u, dp/dt = eE + euxB-eV <A,u-uf>, (1.75) 
which coincides with the result (1.66). 
Whence, we see that the Hamiltonian function (1.72) satisfies the energy conservation 
conditions 
dH/dt = 0 = dH/dr, (1.76) 
for all T , t £ R , and that the suitable energy expression is 
£=(W2- \p\2)1/2+e< A,P > (W2 - \p\2y1/2, (1.77) 
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or 
w h e r e the general ized m o m e n t u m P = p + eA. The result (1.77) differs in an essential w a y 
from that obtained in (57), which makes use of the Einsteinian Lagrangian for a mov ing 
charged poin t particle e in an external electromagnetic field. Thus , w e obtain the following 
result: 
Proposition 2.7. The alternative classical relativistic electrodynamic model (1.75), which is 
intrinsically compatible with the classical Maxwell equations (1.8), allows the Hamiltonian 
formulation (1.71) with respect to the rest reference frame variables, where the Hamiltonian function is 
given by expression (1.72). 
The inference above is a na tura l candida te for exper imental val idat ion of our theory. It is 
strongly mot iva ted by the following remark. 
Remark 2.8. It is necessary to mention here that the Lorentz force expression (1.75) uses the particle 
momentum p = mu, where the dynamical “mass” m := -W satisfies the energy conservation 
condition (1.77). The latter gives rise to the following crucial relationship between the particle energy 
S0 and its rest mass m0 (at the velocity u := 0 at the initial time moment t = 0 e R ) : 
S0=m0 ^-}eA«1mЦ, (1.78) 
U ( 1 - 2 | e A 0 / m 0 | 2 ) 1 / 2 
or, equivalently, at the condition \eA0/m0\2 < 1/2 
/ 1 1 1/2 
m0 = s J - + \eA0/S0\2 ±^\-4\eA0/S0\2 , (1.79) 
where A 0 : = A \ t = 0 Є E 3 , which strongly differs from the classical expression m0 = £0 - ecp0, 
following from (1.34) and is not depending a priori on the external potential energy ecp0. As the 
quantity \eA0/£0\ ->■ 0, the following asymptotical mass values follow from (1.79): 
( + ) ( ) ~ SQ, m\ > ~ ±V2\eA0\. (1.80) 
The first mass value m(0+) ~ S0 is physically correct, giving rise to the bounded charged particle energy 
^ ~ ±v/i - ±V2~eAo| 
1/2 
S0, but the second mass value m\ '  2\eA0\ is not physical, as it gives rise to the vanishing 
denominator (1 - 2\eA0/m[ ^ 2 ) 1 7 2 ~ 0 in (1.78), being equivalent to the unboundedness of the 
charged particle energy S0. 
To make this difference more clear, we now analyze the Lorentz force (1.62) from the 
Hamiltonian point of view based on the Lagrangian function (1.59). Thus, we obtain that 
the corresponding Hamiltonian function 
H:=<P,r> -£=<P,r> +W(l + r2)1/2-e< A,r>= (1.81) 
=<P-eA,r> + W ( l + r2)1/2 = 
= - < p,p > W_1(1 - |p|2/W2)~1/2 + W(1 - |p|2/W2)~1/2 = 
= _ ( W 2 - |p|2)(W2 - \p\2Г1/2 = -(W2 - \p\2)^2. 
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Since p = P - eA, expression (1.81) assumes the final “no interaction” (12; 57; 67; 80) form 
H=-(W2-\P-eA\2)1/2, (1.82) 
which is conserved with respect to the evolution equations (1.57) and (1.58), that is 
dH/dt = 0 = dH/dr (1.83) 
for all T , t e R . These equations are equivalent with respect to the rest reference frame KT to 
the following Hamiltonian system 
r = ЭH/дP =(P- eA)(W2 -\P- eA\2)-1'2, (1.84) 
P=-дH/дr= ( W V W - V <eA,(P-eA) >)(W2 - \P - eA\2)-1'2, 
as one can readily check by direct calculations. Actually, the first equation 
r=(P-eA)(W2-\P-eA\2Г1/2 = p(W2-\p\2Г1/2= (1.85) 
mu/W2 |p|2л-1/2 Wu WА \p\2\-\/Z (л i | 2 л —1/2 
= = [ V\ — \ ) —— — V\ [ V\ — \ \ ) —— u( 1 — \u I 
holds, owing to the condition dx = dt{\ - |u|2)1/2 and definitions p := mu, m = -W, 
postulated from the very beginning. Similarly we obtain that 
P = -VW(1 - \p\2/W2)-1/2 + V < eA,u > (1 - \p\2/W2)-1/2 = (1.86) 
= _VW (1 - |u|2)-1/2 + V < eA,u > (1 - u2Г1/2, 
coincides with equation (1.60) 
dP/dt = -VW + eV< A,u> (1.87) 
with respect to the evolution parameter t Є R. This can be formulated as the next result. 
Proposition 2.9. The dual to the classical relativistic electrodynamic model (1.62) allows the 
canonical Hamiltonian formulation (1.84) with respect to the rest reference frame variables, where 
the Hamiltonian function is given by expression (1.82). Moreover, this formulation circumvents the 
“mass-potential energy” controversy associated with the classical electrodynamical model (1.32). 
The modified Lorentz force expression (1.62) and the related rest energy relationship are 
characterized by the following remark. 
Remark 2.10. If we make use of the modified relativistic Lorentz force expression (1.62) as an 
alternative to the classical one of (1.35), the corresponding particle energy expression (1.82) also gives 
rise to a different energy expression (at the velocity u := 0 Є E3 at the initial time t = 0) corresponding 
to the classical case (1.34); namely, £0 = m0 instead of £0 = m0 + ecp0, where cp0 := cp\t=0. 
2.5 Concluding remarks 
All of dynamical field equations discussed above are canonical Hamiltonian systems with 
respect to the corresponding proper rest reference frames /CT, parameterized by suitable time 
parameters т Є R. Upon passing to the basic laboratory reference frame /C with the time 
parameter t Є R, this naturally related Hamiltonian structure is lost, giving rise to a new 
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interpretation of the real particle motion. Namely, one has an absolute sense to consider 
the relativistic particle dynamics only with respect to the proper rest reference frame , as 
otherwise this dynamics is completely relative and not uniquely defined with respect to all 
other reference frames. As for the Hamiltonian expressions (1.67), (1.72) and (1.82), one 
observes that they all depend strongly on the vacuum potential field function W : M4-> R, 
thereby avoiding the mass problem of the classical energy expression pointed out by L. 
Brillouin (59). It should be noted that the canonical Dirac quantization procedure can be 
applied only to the corresponding dynamical field systems considered with respect to their 
proper rest reference frames. 
Remark 2.11. Some comments are in order concerning the classical relativity principle. We have 
obtained our results without using the Lorentz transformations of reference frames - relying only on 
the natural notion of the rest reference frame and its suitable parametrization with respect to any other 
moving reference frames. It seems reasonable then that the true state changes of a moving charged 
particle e are exactly realized only with respect to its proper rest reference frame . Then the only 
remaining question would be about the physical justification of the corresponding relationship between 
time parameters of moving and rest reference frames. 
The relationship between reference frames that we have used through is expressed as 
dT = dt(1-\u\2)1/2, (1.88) 
where u := dr/dt Є E3 is the velocity with which the rest reference frame KT moves 
with respect to another arbitrarily chosen reference frame /C. Expression (1.88) implies, in 
particular, that 
dt2-dr2=dr2, (1.89) 
which is identical to the classical infinitesimal Lorentz invariant. This is not a coincidence, 
since all our dynamical vacuum field equations were derived in turn (53; 54) from the 
governing equations of the vacuum potential field function W : M4-> R in the form 
d2W/dt2- V2W = p, dW/dt + V(vW) = 0 , dp/dt+ < V J > = 0 , (1.90) 
which are a priori Lorentz invariant. Here p Є R and J = pv are, respectively, the charge and 
current densities, v := dr/dt is the associated local velocity of the vacuum field medium 
evolution. Consequently, the dynamical infinitesimal Lorentz invariant (1.89) reflects this 
intrinsic structure of equations (1.90) with respect to the reference frame /CT. Being rewritten 
in the nonstandard Euclidean form: 
dt2 = dr2+dr2 (1.91) 
it gives rise to a completely different relationship between the reference frames /C and /CT, 
namely 
dt = dr(1+r2)1/2, (1.92) 
where r ˙ := dr/dr is the related particle velocity with respect to the rest reference frame. 
Thus, we observe that all our Lagrangian analysis in Section 2 is based on the corresponding 
functional expressions written in these “Euclidean” space-time coordinates and with respect 
to which the least action principle was applied. So we see that there are two alternatives - the 
first is to apply the least action principle to the corresponding Lagrangian functions expressed 
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in the Minkowski space-time variables with respect to an arbitrarily chosen reference frame K, 
and the second is to apply the least action principle to the corresponding Lagrangian functions 
expressed in Euclidean space-time variables with respect to the rest reference frame Kτ. 
This leads us to a slightly amusing but thought-provoking observation: It follows from our 
analysis that all of the results of classical special relativity related to the electrodynamics 
of charged point particles can be obtained (in a one-to-one correspondence) using our new 
definitions of the dynamical particle mass and the least action principle with respect to the 
associated Euclidean space-time variables in the rest reference frame . 
An additional remark concerning the quantization procedure of the proposed electrodynamics 
models is in order: If the dynamical vacuum field equations are expressed in canonical 
Hamiltonian form, as we have done here, only straightforward technical details are required 
to quantize the equations and obtain the corresponding Schrödinger evolution equations in 
suitable Hilbert spaces of quantum states. There is another striking implication from our 
approach: the Einsteinian equivalence principle (29; 57; 63; 70; 80) is rendered superfluous for 
our vacuum field theory of electromagnetism and gravity. 
Using the canonical Hamiltonian formalism devised here for the alternative charged point 
particle electrodynamics models, we found it rather easy to treat the Dirac quantization. The 
results obtained compared favorably with classical quantization, but it must be admitted 
that we still have not given a compelling physical motivation for our new models. 
This is something that we plan to revisit in future investigations. Another important 
aspect of our vacuum field theory no-geometry (geometry-free) approach to combining the 
electrodynamics with the gravity, is the manner in which it singles out the decisive role of 
the rest reference frame Kτ. More precisely, all of our electrodynamics models allow both the 
Lagrangian and Hamiltonian formulations with respect to the rest reference frame evolution 
parameter τ ∈ R, which are well suited the to canonical quantization. The physical nature of 
this fact still remains somewhat unclear. In fact, as far as we know (4; 5; 57; 63; 80), there is no 
physically reasonable explanation of this decisive role of the rest reference frame , except for 
that given by R. Feynman who argued in (70) that the relativistic expression for the classical 
Lorentz force (1.35) has physical sense only with respect to the rest reference frame variables 
( τ , r ) ∈ E4 . In future research we plan to analyze the quantization scheme in more detail 
and begin work on formulating a vacuum quantum field theory of infinitely many particle 
systems. 
3 . The modified Lorentz force and the radiation theory 
3.1 Introductory setting 
Maxwell’s equations may be represented by means of the electric and magnetic fields or by the 
electric and magnetic potentials. The latter were once considered as a purely mathematically 
motivated representation, having no physical significance. 
The situation is actually not so simple now that evidence of the physical properties of the 
magnetic potential was demonstrated by Y. Aharonov and D. Bohm (92) in the formulation 
their “paradox” concerning the measurement of a magnetic field outside a separated region 
where it is vanishes. Later, similar effects were also revealed in the superconductivity theory 
of Josephson media. As the existence of any electromagnetic field in an ambient space can 
be tested only by its interaction with electric charges, the dynamics of the charged particles 
is very important. Charged particle dynamics was studied in detail by M. Faraday, A. 
Ampere and H. Lorentz using Newton’s second law. These investigations led to the following 
representation for the Lorentz force 
u 
dp/dt = eE+ec ×B, (1.93) 
where E and B ∈ E 3 are, respectively, electric and magnetic fields, acting on a point charged 
particle e ∈ R having momentum p = mu. Here m ∈ R + is the particle mass and u ∈ T(R3) 
is its velocity, measured with respect to a suitably chosen laboratory reference frame. 
That the Lorentz force (1.93) is not completely correct was known to Lorentz. The defect 
can be seen from the nonuniform Maxwell equations for electromagnetic fields radiated by 
any accelerated charged particle, as easily seen from the well-known expressions for the 
Lienard-Wiechert potentials. 
This fact inspired many physicists to “improve” the classical Lorentz force expression (1.93), 
and its modification was soon suggested by M. Abraham and P.A.M. Dirac, who found the 
so-called “radiation reaction” force induced by the self-interaction of a point charged particle: 
dp u 2e2 d2u 
The additional force expression 
dt = eE+ec ×B- 3e3 dt2 . (1.94) 
2e2 d2u 
Fs : = - 3 c 3 dt2 , (1.95) 
depending on the particle acceleration, immediately raised many questions concerning its 
physical meaning. For instance, a uniformly accelerated charged particle, owing to the 
expression (1.95) , experiences no radiation reaction, contradicting the fact that any accelerated 
charged particle always radiates electromagnetic waves. This “paradox” was a challenging 
problem during the 20th century (73; 96–98; 100) and still has not been completely explained 
(101). As there exist different approaches to explanation this reaction radiation phenomenon, 
we mention here only some of the more popular ones such as the Wheeler-Feynman (99) 
“absorber radiation” theory, based on a very sophisticated elaboration of the retarded and 
advanced solutions to the nonuniform Maxwell equations, and Teitelbom’s (95) approach 
which exploits the intrinsic structure of the electromagnetic energy tensor subject to the 
advanced and retarded solutions to the nonuniform Maxwell equations. It is also worth 
mentioning the very nontrivial development of Teitelbom’s theory devised recently by (94) 
and applied to the non-abelian Yang-Mills equations, which naturally generalize the classical 
Maxwell equations. 
3.2 Radiation reaction force: the vacuum-field theory approach 
In the Section, we shall develop our vacuum field theory approach (6; 52–55) to the 
electromagnetic Maxwell and Lorentz theories in more detail and show that it is in complete 
agreement with the classical results. Moreover, it allows some nontrivial generalizations, 
which may have physical applications. For the radiation reaction force in the vacuum field 
theory approach, the modified Lorentz force, which was derived in Section 1, acting on a 
charged point particle e, is 
18 
dp/dt= -eE + e- xB- V< A,u-uf>, (1.96) 
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where (ę,A) Є Т*(М4) is the extended electromagnetic 4-vector potential. To take into 
account the self-interaction of this particle, we make use of the distributed charge density 
p : M4 ->■ R satisfying the condition 
ρ(t,r)d3r (1.97) 
R3 
for alH Є R with respect to a laboratory reference frame /C with coordinates (t, r) Є M4. Then, 
owing to 1.96 and results in (96), the self-interaction force can be expressed as 
dp/dtr:=IS 7 Г # E І У / ^ а ^ ' (1.98) 
- JE3d 3 rp(t,r)Vcps(t,r) (1 - \u/c\2 ) = 
where we denoted by 
q>s(t,r)= f P^'f'^jd r< A/tj) = 1 I u(t')p(t',r')\retd r< 
E3 \r — r'\ с E3 \r — r\ 
the well-known retarded Lienard-Wiechert potentials, which should be calculated at the 
retarded time parameter t' := t-\r-r'\/c Є R. Taking additionally into account the 
continuity relationship 
dp/dt+ < VJ>=0 (1.100) 
for the spatially distributed charge density p : M4 ->■ R and current / = pu : M4 ->■ E3 and 
the Taylor expansions for retarded potentials (1.99) 
w л г - э " / ( - k - r / | ) " / ( f , r / ) d 3 r / 
(1.101) 
иєZ+ 
from (1.98) and (1.101), assuming for brevity the spherical charge distribution, small enough 
value \u\ /с < 1 and, respectively, slow acceleration, followed by calculations similar to those 
of (96; 124), one can obtain that 
ft = E«eZ+ ^ ^ ( 1 - l«/c|2) JE3d3rp(t,r) JE3d3r%p(t,r')V\r -r'\n-4 
(1.102) 
+ ( m + 2 ) ! c m + U 1 - | M / 4 ; E 3 » W , r ; E 3 » r ^ m+1 Е т 6 Z +7М^2(1- |«/с |2)E 3й3гра,г)E 3й3г'|^ра,гОУ|г-гГ+1 + 
+ |Em6Z+ Ч^E 3й3гР^,Г)E 3 й 3 г% ( Ц ^ Я ^ О ) ] 
19 
К = 
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= E m 6 Z + ^ ^ JE3d3rp(t,r)(l - \u/c\2) JE3d3r'§^ < }(t,r'),V > |г-г'Г+1 = 
+ ! E m 6 Z + ^ E^rpit,r) E d V ^ ^ (7(t,r'))] = 
= E „ e Z + У £ ^ ( і - И 2 ) E <Prp{t,r) E ЛУ|г - гТ - і і£[У („^КГі^ + /(^)]+ 
+ |Em6Z+ ^^ E з^Р^О E з^ 'Ц^^/^г ' ) ] = 
= E„6 Z+ У й ^ ( 1 - І«|2) EЗ d3rp(f,r)(l - \u\2) E d h > ^ [ - < V,J(t,r>) > {r'r'pirfr,)] + 
+ | E « 6 Z + ^ І ^ E ^ г р { і , г ) JE3d3r'^g^^}ity}] = 
= LneZ+ ё & ( 1 - \u/c?) E d*rp{t,r) E d*r>\r - г ' Г ^ { W + ^2 <r-^C>]] ) + 
+ І Е т є Z + ^ ^ E з й 3 г р а , г ) E з ^ г ' Ц ^ ^ / а , г О ] . 
The relationship above can be rewritten, owing to the charge continuity equation (1.100), 
gives rise to the radiation force expression 
h = L„eZ+ У & ( 1 - W/c\2 ) E d*rp{t,r) E d*r>\r - г ' Г ^ ( i k f t + g=l <r-r'fX>{r-r,) ) + 
= Е „ є Z + У ^ ( і Ч « / С | 2 ) E з ^ р ^ ^ 
+ ІЕиєZ+ ^ ^ Ed3rp(t,r) Ed3r'^C^^](t,r% 
(1.103) 
Now, having applied to (1.103) the rotational symmetry property for calculation of the 
internal integral, one easily obtains that 
ft = Е и є Z + У £ ( 1 - \u/c\2) fE3d3rp(t,r) fE3d3r>\r-r>r^ (Щ^+^^Щ1 ) + 
+!ЕиєZ+ Ч^ E d'rpit,r) E d^Ł^^ntS)] = 
= Е„еZ+Ш(1-\и\2) Ed3rp(t,r) fE3d3r'\r-rr-1§^J(t,r') + 
+ ilLmeZ+^ E^rpit,r) fE3dh'\^g^^J(t,r')] = 
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LneZ+ 5 ^ & ( 1 - \u/c\2) JE3d3rp(t,r) JE3d3r'\r - г ' Г - ^ Л ^ г ^ 
LneZ+^^^-\u/c\2)JE3d3rdjęijE3d3r'\r-r'r-^}(t,r') = 
(1.104) 
1 [L„eZ+ Ч^ Eз ^P{t,r) E dVЦР^J£[Jfrr') - \Ktrr')]-
Z+3^yL-\u/c\>)fE3,Prd^E3ltn,-n ^ 
ІА^ПЄZ+Ч^ E ^ 3 r p ( t , r ) E d 3 r ' ^ C ^ ^ [ } { t , r ' ) - \ } { t , r ' ) ] + 
-ZneZ+M^^-\u/c\2)Ed3rdą^Ed3r'\r- T-ll^](t,rr) 
+ Е„єZ+ ^ & ( 1 - І « / с | 2 ) E з d3r < V,J(t,r>) > JE3d3r'\r-r'\m-1 §£j{t,r>) = 
= | E m e Z + ^Щ^ JE3 d3rp(t,r) JE3 rfV |r~rJ+1 §n[](t,r') - \](t,r% 
where we took into account (96) that in case of the spherical charge distribution the following 
equalities 
E d3r E d3r'p(t,r)p(t,r>) ^r-r'fSS = Iе2' 
JE3d3r< V,]{t,r')> E d 3 r l \ r - r l \ m - l ^ I ] { t , r ' ) = 0 , (1.105) 
fE3d3rfE3d3rp(t,r)p(t,r')^=0 
hold. Thus, from (1.102) one easily finds up to the 0 ( l / c 4 ) accuracy the following radiation 
reaction force expression: 
dp/dt = FS = ~ ( ^ ? M ( 0 ) - jt ( f f l"/c| 2 «(*) ) + | J § + 0 ( l / c 4 ) = (1.106) 
d (^««( і+Ц^) ) +55+0(1/с4) d t 3 
d 4 m0esu(t) 2e2d2u „ , , , 4л 
4 2e2 d2u 4 
mesu(t)+ + O ( 1 / c ) , 
3 3c3 dt2 
mesu(t)+ dt 3 
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where we defined, respectively, the electrostatic self-interaction repulsive energy as 
^: 1Ldr R 3 dr r-rC, (1.107) 
the electromagnetic charged particle rest and inertial masses as 
m 0 , es : = - c 2 , m e s : = (1_1u/c12у/2 . (1.108) 
Now from (1.96) one obtains that 
dt \{mg + 4 mes)u ] = 2 e du + O ( 1 / c 4 ), (1.109) 
where we made use of the gravity inertial mass definition 
mg := -Wg/c2, VW ¯g ~ 0, (1.110) 
following from the vacuum field theory approach, where the mg Є R+ is the corresponding 
gravitational mass of the charged particle e, generated by the gravity vacuum field potential 
W ¯ g . The corresponding radiation force 
Fr = 2 e 2 d 2 u + O(1/c 4 ), (1.111) 
coinciding exactly with the classical Abraham-Lorentz-Dirac results. From (1.109) one 
follows that the observable physical charged particle mass consists of two impacts: the 
electromagnetic and gravitational components, giving rise to the final force expression 
dt (mphu) = —3 —t 2 + O(1/c 4 ), (1.112) 
where 
mph~mg + 4/3mes. (1.113) 
It means, in particular, that the real physically observed "inertial" mass mph of a real electron 
strongly depends on the external physical interaction with the ambient vacuum medium, as 
it was recently demonstrated within completely different approaches in (132; 134), based on 
the vacuum Casimir effect considerations. Moreover, the assumed above boundedness of the 
electrostatic self-energy £es appears to be completely equivalent to the existence of so-called 
intrinsic Poincaré type "tensions", analyzed in (112; 113; 134), and to the existence of a special 
compensating Coulomb "pressure", suggested in (132), guaranteeing the observable electron 
stability. 
3.3 Conclusion 
The charged particle radiation problem, revisited in this section, allows the explanation of 
the point charged particle mass as that of a compact and stable object, which should have 
a negative vacuum interaction potential W ¯ Є R3 owing to (1.110). This negativity can be 
satisfied if and only if the quantity (1.110) is positive, thereby imposing certain nontrivial 
geometric constraints on the intrinsic charged particle structure (102). Moreover, as follows 
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from the physically observed particle mass expressions (1.113), the electrostatic potential 
energy comprises the main portion of the full mass. 
There exist different relativistic generalizations of the force expression (1.109), all of which 
suffer the same common physical inconsistency related to the no radiation effect of a charged 
point particle in uniform motion. 
Another problem closely related to the radiation reaction force analyzed above is the search 
for an explanation to the Wheeler and Feynman reaction radiation mechanism, which is called 
the absorption radiation theory. This mechanism is strongly dependent upon the Mach type 
interaction of a charged point particle in an ambient vacuum electromagnetic medium. It is 
also interesting to observe some of the relationships between this problem and the one devised 
above in the context of the vacuum field theory approach, but more detailed and extended 
analyzes will be required to explain the connections. 
4. Maxwell’s equations and the Lorentz force derivation - the legacy of Feynman’s 
approach 
4.1 Poissonian analysis preliminaries 
In 1948 R. Feynman presented but did not published (129; 130) a very interesting, in some 
respects “heretical”, quantum-mechanical derivation of the classical Lorentz force acting on 
a charged particle under the influence of an external electromagnetic field. His result was 
analyzed by many authors (131; 133; 135-141) from different points of view, including its 
relativistic generalization (142). As this problem is completely classical, we reanalyze the 
Feynman’s derivation from the classical Hamiltonian dynamics point of view on the coadjoint 
space T*(N),N С R3, and construct its nontrivial generalization compatible with results 
(6; 52; 53) of Section 1, based on a recently devised vacuum field theory approach (52; 55). 
Upon obtaining the classical Maxwell electromagnetic equations, we supply the complete 
legacy of Feynman’s approach to the Lorentz force and demonstrate its compatibility with 
the relativistic generalization presented in (52-55; 72). 
Consider the motion of a charged point particle e Є R under the influence of an external 
electromagnetic field. For its description, following (115; 125; 126), it is convenient to 
introduce a trivial fiber bundle structure n: M ->■ N, M = N x G, N С R3, with the abelian 
structure group G := R \ {0} equivariantly acting (1) on the canonically symplectic coadjoint 
space T* (M) .Endow also this bundle with a connection one-form Л : M^T* (M) ® Q defined 
as 
Mq;g) := g~1{d+ < A(q),dq >)g (1.114) 
on the phase space M, where q Є N, g Є G and A : N ->■ T*(N) is a differential form, 
constructed from the magnetic potential A : N -HE3. If l : T*(M) ->■ Q* is the related 
momentum mapping, one can construct the reduced phase space Mc:= l_1(e)/G ~ T*(N), 
where e Є Q* ~ R is taken to be fixed. This reduced space has the symplectic structure 
^ І q ,p) =< dp,Adq > +ed <A(q),dq > . (1.115) 
From (1.115), one readily computes the respective reduced Poisson brackets on T* (N): 
{qi,qj}¯{2)=0, {pj , qi}¯ 2 = 4 {pi ,pj}¯{2)=eFji{q) (1.116) 
for i,j = 1,3 with respect to the reference frame K(t,q), characterized by the phase space 
coordinates (q, p) Є T*(N). If one introduces a new momentum variable p := p + eA(q) on 
T*(N), it is easy to verify that Lof] ->■ ш^ : = < dp, Adq >, giving rise to the following 
“minimal coupling” canonical Poisson brackets (12; 125; 126): 
W V l ^ M = 0, {Р;,<7%(2) = 4 {ftrPy}u)P)=0 (1.117) 
for i, / = 173 with respect to the reference frame Kft,q-qf, characterized by the phase space 
coordinates (q, p) Є T* (N), if and only if the Maxwell field equations 
dFij/dqk + dFjk/dqi + dFki/dqj = 0 (1.118) 
are satisfied on N for all i,j,k = 13 for the curvature tensor F{j(q) := dAj/dq* - dAj/dqi, 
i,j = h3,qeN. 
4.2 The Lorentz type force and Maxwell electromagnetic field equations - the Lagrangian 
analysis 
The Poisson structure (1.117) makes it possible to describe a charged particle e Є R, located at 
point f e N c R 3 , moving with a velocity dq/dt := и Є ЩИ) with respect to the laboratory 
reference frame K(t, q), specified by coordinates (t, q) Є M4, being under the electromagnetic 
influence of an external charged particle ef Є R located at point qf Є N С R3 and moving 
with respect to the same reference frame K(t,q) with a velocity dqf/dt := uf Є Tqf(N). 
Really, consider a new shifted reference frame K'f(t',q - qf) moving with respect to the 
reference frame K(t, q) with the velocity uf. With respect to the reference frame K'f(t', q - qf), 
specified by coordinates (t' ,q -qf Є M4, the charged point particle e moves with the velocity 
u' - u'f := dr/dt' - drf/dt' e T4-4f (N) and, respectively, the charged particle ef stays in rest. 
Then one can write down the standard classical Lagrangian function of the charged particle e 
with a mass m! Є R+ subject to the reference frame JC'ft', q-qf: 
£f(q,u')=r^\u'-u'f\2-ef, (1.119) 
and the suitably Lorentz transformed scalar potential f = cp/(\ + \u'f\2) Є C2(M4;R) is the 
corresponding potential energy with respect to the reference frame K'f(t',q-qf. On the other 
hand, owing to (1.119) and the Poisson brackets (1.117) the following equality for the charged 
particle e canonical momentum with respect to the reference frame IC'ft', q - qf holds: 
p' := p'+eA'(q) = dLf(q,u')/du', (1.120) 
or, equivalent^, 
p' + eA'(q)=m'(u'-u'f, (1.121) 
expressed in the units when the light speed с = 1. Taking into account that the charged particle 
e momentum with respect to the reference frame K(t,q) equals p' := m'u' Є T*(N), one can 
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easily obtain from (1.121) the important relationship 
eA'(q) = -m'u'f (1.122) 
for the vector potential A Є C2(M4;E3), which was before obtained in (54; 55; 128) and 
described before in Section 1. Taking now into account (1.119) and (1.122) one finds the 
following Lagrangian equation: 
^jlp'+eA'iq)] =d£f(q,u')/dq = -eVcp', (1.123) 
obtained before with respect to the shifted reference frame K'f(t', q - qf) in (54; 55) and giving 
rise, as the result of obvious relationships p' = p,A> = A, to the following charged point 
particle e dynamics: 
dp/dt = -edA/dt - eV<?>(l - \uf\2) - e < u, V > A = 
= -edA/dt - eVcp - e < u, V > A+ 
(1.124) 
+eV <u,A > -eV <A,u-uf >= 
= -e(dA/dt + V<p) + eu x (V x A) - eV < А, и - uf > 
with respect to the laboratory reference frame K(t,q). Based now on (1.124) we obtain the 
modified Lorentz type force 
dp/dt = eE + euxB-eV <u-uf,A>, (1.125) 
where we put, as usually by definition, 
E:=-dA/dt-Vcp, B:=VxA, (1.126) 
and slightly differing from the classical (57; 70; 85; 96) Lorentz force expression 
dp/dt = eE + euxB (1.127) 
by the gradient component 
Fc:=-eV< A,u-uf > . (1.128) 
Remark now that the modified Lorentz type force expression (1.125) can be naturally 
generalized to the relativistic case if to take into account that the standard Lorenz condition 
dcp/dt+< V,A >=0 (1.129) 
is imposed on the electromagnetic potential (cp, A) Є T* (M4). 
Really, from (1.126) one obtains that the Lorentz invariant field equation 
d2cp/dt2-A(p = pf, (1.130) 
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where pf : M4 ->■ V'(M4) is a generalized density function of the external charge distribution 
ef. Following now by the calculations from (54; 55) we can easily find from (1.130) and the 
charge conservation law 
dpf/dt+ < V,Jf >= 0 (1.131) 
the next Lorentz invariant equation on the vector potential A Є C2 (M4; E3) : 
d2A/dt2 - AA = ]f. (1.132) 
Moreover, relationships (1.126),(1.130) and (1.132) easily entail the true classical Maxwell 
equations 
V x E = -dB/dt, V x В = дЕ/dt + ]f, (1.133) 
<V,E >= pf, <V,B>=0 
on the electromagnetic field (E,B) Є C2(M4;E3xE3). 
Consider now the Lorenz condition (1.129) and observe that it is equivalent to the following 
local conservation law: 
j I Wd 3 q = 0, (1.134) 
at n, 
giving rise to the important relationship for the magnetic potential A Є C2(M4;E3) 
A = ufcp (1.135) 
with respect to the laboratory reference frame ¥Ht,ą), where П ( С N is any open domain 
with the smooth boundary ЭО(, moving jointly with the charge distribution ef in the domain 
NCR3 with the corresponding velocity uf. Taking into account relationship (1.122) one can 
find the expression for our charged particle e “inertial” mass: 
m=-W, W:=ecp, (1.136) 
coinciding with that obtained before in (54; 55; 128), where we denoted by ¯ Є C2(M4;R) 
the corresponding potential energy of the charged point particle e. 
4.3 The modified least action principle and the Hamiltonian analysis 
Based on the representations (1.135) and (1.136) one can rewrite the determining Lagrangian 
equation (1.123) with respect to the shifted reference frame Kf(t>, qf) as follows: 
£j[-W'(u' - u'f)] = -V¯', (1.137) 
which is reduced to the Lorentz type force expression (1.125) calculated with respect to the 
laboratory reference frame K(t,q) : 
dp/dt = eE + euxB-eV <u-uf,A>, (1.138) 
where we put, as before, 
E:=-dA/dt-Vcp, B:=VxA. (1.139) 
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Remark 4.1. It is interesting to remark here that equation (1.138) does not allow the Lagrangian 
representation with respect to the reference frame 1С (t,q) in contrast to that of equation (1.137) which 
is equivalent to (1.123). 
The remark above is a challenging source of our further analysis concerning the direct 
relativistic generalization of the modified Lorentz type force (1.125). Namely, the following 
proposition holds. 
Proposition 4.2. The Lorentz type force (1.125) in the case when the charged point particle e 
momentum is defined, owing to (1.136), as p = -Wu is the exact relativistic expression allowing the 
Lagrangian representation of the charged particle e dynamics with respect to the rest reference frame 
/C T (T, q - qf), related to the shifted reference frame K'f(t', q - qf) by means of the classical relativistic 
proper time infinitesimal transformation: 
dt' = dr(l + \u'-u'f\2)1/2, (1.140) 
where T 6 R i s the proper time parameter in the rest reference frame /Ст(т, q-qf). 
Proof. Take the following action functional with respect to the charged point particle e rest 
reference frame /Ст(т, q - qf) : 
S(T) ^ ) r* - t W'dt' = f 2 W'(l + \u< - u'\2)1/2dT, (1.141) 
Лі(ті) Ai f 
where the proper temporal values rh r2 Є R are considered, in a Feynman spirit (70), to be 
fixed in contrast to the temporal parameters ^ Ы ) tгЫ Є R depending, owing to (1.140), 
on the charged particle e trajectory in the phase space M4. The least action condition 
5S^ = 0 , q ( T I ) = 0 = 5q(T2), (1.142) 
applied to (1.141), entails exactly the dynamical equation (1.137), being simultaneously 
equivalent to the relativistic Lorentz type force expression (1.125) with respect to the 
laboratory reference frame K(t,q). The latter proves the proposition. □ 
Making use of the relationships between the reference frames K(t, q) and /Ст(т, q - qf) in the 
case when the external charge particle velocity uf = 0, we can easily derive the following 
corollary. 
Corollary 4.3. Let the external charge point ef be in rest, that is the velocity uf = 0. Then equation 
(1.137) reduces to 
d ( - W u ) ] = - VW, (1.143) 
allowing the following conservation law: 
H 0 = W(1 - u2)1/2 = -(W2 - \p\2)1/2. (1.144) 
Moreover, equation (1.143) is Hamiltonian with respect to the canonical Poisson structure (1.117), 
Hamiltonian function (1.144) and the rest reference frame Kr(r,q) : 
dq/dr:=dH 0 /dp = p(W2-\p\2)-1/2 \ dq/dt =-pW-1,\ 
dp/dr:=-dH 0 /dq = -W(W 2 -\p\2 ) -1/2VW^ dp/dt=-VW ' ( ' 
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In addition, if to define the rest particle mass m0 := -H0\u=0, the "inertial" particle mass quantity 
m e R obtains the well known classical relativisticform 
m = -W = m 0 (1-\u\2)-1/2, (1.146) 
depending on the particle velocity ueR3. 
Concerning the general case of equation (1.137) analogous ones to the above results hold, 
which were also described in part in Section 1. We need only to mention that the induced 
Hamiltonian structure of the general equation (1.137) results naturally from its least action 
representation (1.141) and (1.142) with respect to the rest reference frame /Ст(т, q). 
4.4 Conclusion 
We have demonstrated the complete legacy of the Feynman’s approach to the Lorentz force 
based derivation of Maxwell’s electromagnetic field equations. Moreover, we have succeeded 
in finding the exact relationship between Feynman’s approach and the vacuum field approach 
devised in (54; 55). Thus, the results obtained provide deep physical backgrounds lying in the 
vacuum field theory approach. Consequently, one can simultaneously describe the origins of 
the physical phenomena of electromagnetic forces and gravity. Gravity is physically based on 
the particle “inertial” mass expression (1.136), which follows naturally from both the Feynman 
approach to the Lorentz type force derivation and the vacuum field approach. 
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